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Abstract
The first law of entanglement has been used to obtain the linearized
Einstein equations of the holographic dual spacetimes. In the present
paper, the first law of entanglement in Quasi-Topological gravity is
explicitly derived by using the Iyer-Wald formalism. In addition, we
investigate the extended first law of entanglement for the special case
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1 Introduction
One of the most interesting questions in AdS/CFT [1–3] is how the dynamical
spacetime in AdS emerges from the CFT physics. The past decade has seen
considerable progress in addressing this problem [4–15], throughout which
quantum entanglement plays an essential role. It is well known since [4, 5]
that entanglement entropy is holographic dual to the area of bulk extremal
surfaces. Motivated by this proposal, the authors of [6,7] suggested that the
structure of quantum entanglement in the QFT state should play the crucial
role in bulk reconstruction. Further evidences for the connection between ge-
ometry and entanglement, such as entanglement wedge reconstruction, have
appeared in [8, 11–15].
At the same time, it was shown that the first law of entanglement for
ball-shaped regions in the CFTs implies the Einstein equations linearized
around the AdS vacuum in the bulk [9, 10]. The demonstration is based on
the first law of entanglement, which exhibits a relation reminiscent of the
first law of thermodynamics [16], i.e.
δSA = δ〈HA〉 (1)
where δSA is the first variation of the entanglement entropy for a spatial
region A, while δ〈HA〉 is the first-order variation in the expectation value of
the modular Hamiltonian HA. The last operator is defined as the logarithm
of the unperturbed reduced density matrix, i.e. ρA ≃ e−HA .
In general, there are few powerful tools to derive the linearized Einstein
equations in the bulk from the first law of entanglement5. However, in the
case of a spherical entangling regions in the vacuum of a CFT the problem
is much more tractable [18]. In particular, the modular Hamiltonian is given
5Very recently, with the replica trick, an approach to obtaining the integrated linearized
Einstein equations around an arbitrary background from the first law of entanglement is
proposed in [17].
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by a simple integral
H = 2π
∫
B(R,x0)
dd−1x
R2 − |~x− ~x0|2
2R
T00(~x) (2)
where T00 is the energy density of the CFT, and B(R, x0) denotes a ball of
radius R centered at ~x0 on a fixed time slice. Thus, the first law eq.(1) for a
ball-shaped region B simplifies to
δSB = δEB (3)
where EB is defined as
EB ≡ 2π
∫
B(R,x0)
dd−1x
R2 − |~x− ~x0|2
2R
〈T00(~x)〉 (4)
In order to analyze the linearized gravitational dynamics, we need to find a
gravitational constraint in AdS which is holographic dual to the first law in
the CFT, i.e.
δSgravB = δE
grav
B (5)
The key ingredient in obtaining the gravitational constraint called the grav-
itational first law [10] is a result that the vacuum density matrix for B maps
to a thermal state of the CFT on hyperbolic space by a conformal trans-
formation6, see more details in [18]. Moreover, it is found by [10] that this
gravitational first law can be regarded as the AdS-Rindler analogue of the
Iyer-Wald first law for asymptotically flat black hole horizons. Then, by
reversing the machinery used by Iyer and Wald [19]to derive the first law
from the equations of motion, the linearized Einstein’s equations denoted as
δEg = 0 emerge from the gravitational first law.
In the last year, motivated by the extended black hole thermodynamics
or black hole chemistry, the extended first law of entanglement in holography
was established [20] including the variations of both the cosmological constant
6We should mention that the fundamental role in deriving the gravitational constraints
is Ryu-Takayanagi prescription [4], which is held up for the general entangling surfaces
more than sphere.
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Λ and the Newton’s constant G. For Einstein gravity in AdS3, the extended
first law of entanglement can be written as
δE = δSEE − SEE
c
δc (6)
where c is the central charge of two dimensional CFTs. When energy is
fixed, from (6) we see that the variation of entanglement entropy in CFT
is proportional to the change of central charge. Alternatively, it is easy to
derive the relation
δSEE =
SEE
c
δc (7)
from the entanglement entropy of a single interval
SEE =
c
3
log
l
ǫ
(8)
here l is the length of the interval and ǫ is the UV regulator. Hence the
authors of [20] explicitly shows that entanglement entropy contains dynamic
information about CFT in the gravity side of holography. Similar results can
be found in Lovelock gravity [21]. Furthermore, the extended first law can
give off-shell information about the bulk gravitational theory [20]. Therefore
it is interesting to investigate the extended first law of entanglement in other
gravity theories, e.g. Quasi-Topological gravity [22], which includes cubic
curvature interactions. Later, the studies of Quasi-Topological gravity with
holography were exploited in [23–26].
In this note, we will restrict our attention to the gravitational first law
of entanglement in Quasi-Topological gravity following [20]. For a spherical
entangling surface, the first law of entanglement in the CFT vacuum state
was holographically derived within the dual Quasi-Topological gravity. It
may be regarded as a crucial ingredient in establishing the extended first law
of entanglement in the CFT dual to Quasi-Topological gravity. We postpone
a full analysis of the extended first law of entanglement for Quasi-Topological
gravity.
The paper is organized as follows. In section 2, we briefly review the
Iyer-Wald formalism which is essential to the gravitational first law (5). In
3
section 3, we introduce some facts about Quasi-Topological gravity, and then
obtain the gravitational first law of entanglement along the approach of [20].
Some results of the calculations are in the appendix A. Finally, in section 4
we briefly discuss possible generalizations.
2 Overview of Iyer-Wald formalism
The Iyer-Wald formalism provides the most general derivation of the first
law of black hole thermodynamics in terms of Noether charge [19].
Let L be a diffeomorphism invariant Lagrangian. It can written as a
(d+ 1)−form:
L = L ε (9)
where ε is the volume form
ε =
1
(d+ 1)!
ǫa1···ad+1dx
a1 ∧ · · · ∧ dxad+1
=
√−gdt ∧ dx1 · · · ∧ dxd (10)
For later convenience, we will also define:
εa =
1
d!
ǫab2···bd+1dx
b2 ∧ · · · ∧ dxbd+1 ,
εab =
1
(d− 1)!ǫabc3···cd+1dx
c3 ∧ · · · ∧ dxcd+1 (11)
Here ǫ is the Levi-Civita tensor, and our sign convention is ǫtzx1···xd−1 =
+
√−g.
The dynamic fields in the gravitational theory are collectively denoted by
φ = {gµν , . . .}. The variation of the Lagrangian has the following form
δL = Eφδφ+ dΘ(δφ) (12)
where Eφ are the equations of motion for the theory, and Θ is a boundary
term called the symplectic potential current.
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Let ξ be an arbitrary vector field, the variation of the Lagrangian under
a diffeomorphism generated by ξµ is δξL = d(ξ · L). Then according to
Noether’s theorem, we can associate ξ a current
J[ξ] = Θ(δξφ)− ξ · L (13)
where the dot means the inner product of ξ with the form L. We can see
that J is conserved on shell from
dJ[ξ] = −Eφδξφ (14)
When the current J is conserved, we can have the Noether charge Q[ξ],
J[ξ] = dQ[ξ] (15)
Next consider a variation δJ
δJ[ξ] = δΘ(δξφ)− ξ · δL
= δΘ(δξφ)− ξ · dΘ(δφ)
= δΘ(δξφ)− δξΘ(δφ) + d(ξ ·Θ(δφ)) (16)
where we used the background equations of motion Eφ = 0 and the rules of
the Lie derivative of a form,
δξu ≡ Lξu = ξ · du+ d(ξ · u) (17)
If ξ is a symmetry of all the fields, i.e. δξφ = 0, then we have
δJ− d(ξ ·Θ) = 0 (18)
When φ satisfies the equations of motion, using (15) the above equation can
be written as
d(δQ− ξ ·Θ) = 0 (19)
For a Cauchy surface with a boundary ∂Σ, integrating (19) yields the follow-
ing formula ∫
∂Σ
χ = 0 (20)
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where χ is defined as
χ = δQ− ξ ·Θ (21)
To obtain the first law of black hole thermodynamics, we need choosing ξ to
be the timelike Killing vector which is null at the horizon and Σ a time slice
of the black hole exterior. ∂Σ have two parts, one at infinity and one at the
horizon. The first law of black hole thermodynamics takes the form
∫
∂Σ∞
(δQ− ξ ·Θ) =
∫
∂Σhorizon
(δQ− ξ ·Θ) (22)
This equation is the same as the standard first law δE = κ
2π
δS, because
the integral at infinity is the variation in the canonical energy δE, while the
integral at the horizon is κ
2π
δS. So we sketch the Iyer-Wald theorem.
To establish the gravitational first law of entanglement, we should resort
the fact [18] that the entanglement entropy for a ball-shaped region B in
the CFT vacuum state is holographically dual to the Wald entropy of the
AdS-Rindler patch,
ds2 = −ρ
2 − l2
R2
dτ 2 +
l2dρ2
ρ2 − l2 + ρ
2(du2 + sinh2 u dΩ2d−2) (23)
Therefore we should apply the Iyer-Wald theorem to the AdS-Rindler hori-
zon.
In fact, according to [10], for a ball-shaped region B of radius R centered
at x0 in the CFT, the Ryu-Takayangi surface B˜ = {t = t0, (xi − xi0)2 + z2 =
R2} in Poincare´ coordinates is the bifurcation surface of the Killing horizon
for the Killing vector ξB, which vanishes on B˜,
ξB = −2π
R
(t− t0)[z∂z+(xi−xi0)∂i]+
π
R
[R2−z2−(t− t0)2−(~x− ~x0)2]∂t (24)
This vector is actually proportional to ∂τ in the AdS-Rindler coordinates
(23).
Therefore the region Σ enclosed by B˜ and B is a spacelike slice which can
be regarded as the hyperbolic ’black hole’(i.e. AdS-Rindler space) exterior.
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Based on this result, we apply the Iyer-Wald theorem to the Cauchy surface
Σ and obtain the first law
δSWaldB = δEB[ξB] (25)
where δEB[ξB] is the canonical energy appearing (22). Moerover, we can show
that δEB[ξB] is nothing but the ”holographic” energy dual to the modular
energy (4), see [10].
With these efforts, we derive out the gravitational first law of entangle-
ment for an arbitrary higher-derivative gravity.
3 The first law of entanglement in Quasi-
Topological gravity
In this section, we derive the gravitational first law of entanglement for Quasi-
Topological gravity.
Let us begin with the Lagrangian for D = 5 Quasi-Topological gravity,
L = R − 2Λ
16πG
+ α2L(2) + α3L(3) (26)
where L(2) is the four dimensional Euler density,
L(2) = RabcdRabcd − 4RabRab +R2 (27)
and L(3) is the curvature cubed interaction
L(3) =RacbdRcedfReaf b + 1
56
(21RabcdR
abcdR− 72RabcdRabceRde
+ 120RabcdR
acRbd + 144Ra
bRb
cRc
a − 132RabRbaR + 15R3) (28)
Here, α2 =
λL2
32πG
is the Gauss-Bonnet coupling and α3 =
7µL4
64πG
is the coupling
of the curvature cubed interaction.
The action for Quasi-Topological gravity admits AdS5 vacua as a solution
[22]:
ds2 =
L˜2
z2
(dz2 − dt2 + d~x2) (29)
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where the radius of curvature of the AdS5 spacetime is
L˜2 =
L2
f∞
(30)
and the constant f∞ is one of the roots of
1− f∞ + λf 2∞ + µf 3∞ = 0 (31)
There are also the solutions describing planar AdS black holes
ds2 =
r2
L2
(−f(r)
f∞
dt2 + dx21 + dx
2
2 + dx
2
3) +
L2
r2f(r)
dr2 (32)
where f(r) is given by roots of the following equation
1− f(r) + λf(r)2 + µf(r)3 = r
4
0
r4
(33)
where r0 is the radius of the horizon.
Besides these nice properties above, the most remarkable fact of Quasi-
Topological gravity which will be used later is that the linearized equations
of motion in AdS5 background precisely match the linearized equations in
Einstein gravity. Combined with the known fact that the following pertur-
bation
ds2 =
L˜2
z2
(dz2 + (−1 +Hz4)dt2 + (1 + Hz
4
3
)(dx21 + dx
2
2 + dx
2
3)) (34)
satisfies the linearized Einstein equations [20], where H is a small perturba-
tion parameter, we will take the metric (34) as a on-shell linear perturbation
around AdS5 vacuum in Quasi-Topological gravity.
Due to the higher derivative term, we can’t use the Ryu-Takayanagi pro-
posal [4] to calculate the entanglement entropy of any region in the CFT. We
should adopt the entanglement entropy functional in higher derivative grav-
ity theory proposed in [27, 28]. For Quasi-Topological gravity, it has been
found [29] that the surface in the bulk which minimizes the entanglement
entropy functional for a ball-shaped region B(R, 0) in the CFT is
z =
√
R2 − ~x2 (35)
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where we choose ~x0 = 0 for simplicity. This result can also be inferred from
the vanishing of the extrinsic curvature of the surface (35), which leads the
entanglement entropy functional reduce to the Wald functional of the horizon
entropy [30], then it is easy to see that the surface (35) is a minimal surface
homologous to the boundary region B(R, 0) [10].
So our set up is almost the same as the one in Gauss-Bonnet gravity
[20], of which the gravitational first law of entanglement for Gauss-Bonnet
gravity is obtained, see Eq. (4.37) in [20]. To get the gravitational first
law of entanglement for Quasi-Topological gravity, we only need to focus
on the cubic-curvature interaction L3, about which we will carry out some
calculations.
Using the result presented in [31], the symplectic potential current Θ and
the Noether charge Q were given by respectively:
Θ = εµ(2P
µαβν∇νδgαβ − 2∇νP µαβνδgαβ)
Q = εµν(−P µνρσ∇ρξσ − 2ξρ∇σP µνρσ) (36)
where P µνρσ is defined as
P µνρσ =
∂L
∂Rµνρσ
(37)
We now can use (36) to check the equality (22) for the cubic-curvature in-
teraction (28). Firstly, we can show that
P µνρσ =
1
16πG
9µ
2
(gµνgνσ − gνρgµσ) (38)
for the cubic-curvature interaction (28) in pure AdS5 background with the
following identities
∂Rµαβν
∂Rσρλη
=
1
2
[
δ[σµ δ
ρ]
α δ
[λ
β δ
η]
ν + δ
[λ
µ δ
η]
α δ
[σ
β δ
ρ]
ν
]
,
∂Rρσ
∂Rµαβν
= δ
[α
(ρg
µ][βδ
ν]
σ)
∂R
∂Rµαβν
= gβ[µgα]ν, δgµν = −gµαgνβδgαβ (39)
In fact, this calculation (38) supports the observation of [32]. Clearly, we
have
Θ ∝ εµ(gµβgνα − gαβgµν)∇νδgαβ (40)
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From the result of the appendix A in [20], we simply get
Θ = 0 (41)
for the cubic-curvature interaction (28).
After a straightforward calculation, we find the explicit formula of the
Noether charge Θ for the cubic-curvature interaction given in appendix A.
For the perturbative spacetime (34), the variation of the Noether charge can
be written as [20]
δQ|Σ =
∑
i<j
δQzijdz ∧ dxi ∧ dxj + δQ123dx1 ∧ dx2 ∧ dx3 (42)
We perform the calculation by using Mathematica and obtain
δQzij = α3H
176πz
7L˜R
εijkx
k
δQ123 = α3H
24(2πr2 + 11πz2 − 2π~x2)
7L˜R
(43)
So the form of χ (21) on the bifurcation surface (35) is given by
χ|∂Σh = α3
8π(39R2 − 61~x2)
7L˜R
Hdx1 ∧ dx2 ∧ dx3 (44)
Then we have ∫
∂Σh
χ = α3
128π2R4
35L˜
H (45)
Meanwhile, as we have mentioned, the entanglement entropy of the ball-
shaped region B(R, 0) in the CFT can be computed by the Wald functional
[30]
SWald = −2π
∫
H
dnx
√
h
∂L
∂Rabcd
εˆabεˆcd (46)
where εˆab is the binormal to the horizon.
Using the formula (6.4) of [10], the binormal εˆab in the perturbative space-
time (34) take the form
εˆtz = − L˜
2
Rz
(1− Hz
4
2
)(1 +
Hz4~x2
6R2
)
εˆti = −L˜
2xi
Rz2
(1− Hz
4
2
)(1 +
Hz4~x2
6R2
) (47)
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Now the Wald functional (46) can be written as
SWald = −2π
∫
H
dnx
√
h
(
4
∂L
∂Rtztz
εˆtz εˆtz + 8
∂L
∂Rtzti
εˆtz εˆti + 4
∂L
∂Rtiti
εˆtiεˆti
)
(48)
Then we can show that
∂L
∂Rtzti
|pert = 0
∂L
∂Rtztz
|pert = 18z
4(−3 +Hz4)4
7L˜8(−1 +Hz4)(3 +Hz4)4
∂L
∂Rtiti
|pert = 54z
4(−3 +Hz4)2(9 +Hz4(26 +Hz4))
7L˜8(−1 +Hz4)(3 +Hz4)5 (49)
Thus we find that the variation of the entanglement entropy for the spherical
entangling surface is
δSEE = −α3 128π
2R4
35L˜
H (50)
Combing (45) and (50), we have∫
∂Σh
χ = −δSEE (51)
This is one of the expected formulas. For the integral of χ on the boundary
B(R, 0), we have ∫
∂Σ∞
χ = α3
128π2R4
35L˜
H (52)
Therefore we established the first law for Quasi-Topological gravity theory
by using the Iyer-Wald formalism,
δSEE = δE (53)
4 The extended first law for Quasi-Topological
gravity
In this section we find that there could be an extended first law for Quasi-
Topological gravity which is analogous to holographic entanglement chem-
11
istry in Gauss-Bonnet gravity. In particular, using the extension of the Iyer-
Wald formalism [20] we get an extended first law for Quasi-Topological grav-
ity with varying the coupling of curvature interaction at fixed the cosmolog-
ical constant Λ and Newton’s constant G. We will focus on five-dimensional
Quasi-Topological gravity, because it is straightforward to generalize the re-
sult obtained here to Quasi-Topological gravity in d+ 1 dimensions.
To get the correct extended first law with varying the coupling of curva-
ture interaction, we need an analytic expression of the cosmological constant
Λ in terms of L˜, G, α2 and α3. Specifically, the cosmological constant Λ is a
solution of the equation (30)
L˜2 = L2/f∞ (54)
where L2 = −d(d−1)
2Λ
, we will take d = 4.
However, we find that there is no such analytic function for the cosmo-
logical constant Λ when the values of α2 and α3 are general, due to f∞ is
a complicated function of Λ as a solution of the cubic equation (31), i.e.
1 − f∞ + λf 2∞ + µf 3∞ = 0. We also note that α2 = λL
2
32πG
and α3 =
7µL4
64πG
for five-dimensional Quasi-Topological gravity. From the analysis of [22], the
cubic equation (31) is equivalent to the following equation
x3 − 3px− 2q = 0 (55)
by the relation f∞ = x− λ3µ , and we defined that
p =
3µ+ λ2
9µ2
q = −2λ
3 + 9µλ+ 27µ2
54µ3
(56)
The cubic equation (55) will reduce to a perfect cubic equation when p = 0,
i.e. µ = −λ2
3
. We will consider this special case and assume λ < 0, then
f∞ = (2q)
1
3 +
1
λ
= (
3
λ2
− 1
λ3
)
1
3 +
1
λ
> 0 (57)
So the cosmological constant Λ is
Λ = −2(3L˜
4 − 96GL˜2πα + 1024G2π2α2)
L˜6
(58)
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where α = α2 =
λL2
32πG
. With f∞ > 0, we have h′(f∞) = −1+2λf∞+3µf 2∞ <
0. So this AdS vacua is ghost-free. From the equation
x3 − 2qr = 0 (59)
where qr = −2λ
3+9µλ+27µ2(1−ω4/r4)
54µ3
, this AdS vacua can support can a black
hole with a horizon at r = ω.
In the following, the Lagrangian is conveniently written as
L = R− 2Λ
16πG
+ αL(2) − 112
3
Gπα2L(3) (60)
where α ≡ α2.
Then we will find the extended first law of entanglement with varying α and
G and L fixed. Because the metric doesn’t have the explicitly dependence
on α, we have:
δgµν = 0 (61)
From the equation of motion for Quasi-Topological gravity, it is easy to see
that (61) is a solution to the extended linearized equation of motion. The
extended first law with δα takes the form:
δα
∫
Σ
∂L
∂α
ξ · ε−
∫
∂Σ∞
χ+
∫
∂Σh
χ = 0 (62)
with
∂L
∂α
= − 1
8πG
∂Λ
∂α
+ L(2) − 224
3
πGαL(3)
= − 1
8πG
(
192Gπ
L˜4
− 4096(Gπ)
2
L˜6
α) + L(2) − 224
3
πGαL(3) (63)
In [20], the authors have derived the extended first law of entanglement with
varying α in Gauss-Bonnet theory. So in this paper, we will only consider
the modification to the extended first law of entanglement by the term L(3)
in the Largaragian of Quasi-Topological gravity.
The variation of the Neother charge δQ can be found from (81) in the ap-
pendix:
δQ = −224
3
πGαδαεµν{(· · · )∇ρξσ − 2ξρ(· · · )} (64)
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For a pure AdS, it is trivially that ξρ(· · · ) = 0, and δQ is reduced to
δQ = −224
3
πGαδαεµν∇ρξ(· · · ) (65)
Next, according to the fact that δgµν = 0 means the symplectic potential
current vanishes, we have
Θ = 0 (66)
Therefore the Iyer-Wald form coincides with δQ. Specifically, the Iyer-Wald
form is as follows
χ = δQ =
224
3
Gπαδαεµν∇ρξσ(gµρgνσ − gµσgνρ)18
7
1
L˜4
= 768Gπαδα
1
L˜4
[εti
2πz2xi
RL˜2
+ εtz
z2
L˜2
(
2πz
R
+
ξt(t = 0)
z
)] (67)
The restriction of χ to the horizon is
χ|∂Σh =
1536Gπ2Rα δα
L˜(R2 − ~x2)2 dx
1 ∧ dx2 ∧ dx3 (68)
By calculating the integral of χ over the horizon, we get
∫
∂Σh
χ =
1536Gπ2Rα δα
L˜
Vol(S2)
∫ √R2−ǫ2
0
r2
(R2 − r2)2dr (69)
Furthermore, we can compute δSEE for the cubic term L(3) directly by dif-
ferentiating the unperturbed entanglement entropy (46) with respect to α.
The result agrees with the above one (69)∫
∂Σh
χ = −δ(α)SEE (70)
On the other hand, the restriction of χ to the boundary is
χ|∂Σ∞ = 768Gπ2αδα
1
L˜R
(
1
ǫ2
+
R2 − ~x2
ǫ4
)dx1 ∧ dx2 ∧ dx3 (71)
Integrating over the boundary, we have
∫
∂Σ∞
χ = 768Gπ2αδα
1
L˜R
Vol(S2)
∫ √R2−ǫ2
0
(
1
ǫ2
+
R2 − r2
ǫ4
)r2dr (72)
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At last, we calculate the first integral in (62)
δα
∫
Σ
∂L
∂α
ξ · ε = 768Gπ
2αδα
L˜R
Vol(S2)
∫ √R2−ǫ2
0
(
1
R2 − r2 +
R2 − r2
ǫ4
− 2
ǫ2
)r2dr
(73)
Then we can use (70), (72), (73) and the identity [20]
∫ √R2−ǫ2
0
(
3
ǫ2
− 1
R2 − r2 )r
2dr = 2R2
∫ √R2−ǫ2
0
r2
(R2 − r2)2dr (74)
to recast the extended first law of entanglement as
− 1536Gπ
2Rαδα
L˜
Vol(S2)
∫ √R2−ǫ2
0
r2
(R2 − r2)2dr − δSEE = 0 (75)
We note that this is just a part of the extended first law of entanglement for
Quasi-Topological gravity. In order to get the completed one, we need also
taking account of the extended first law of entanglement for Gauss-Bonnet
gravity [20]. Combining these result, we have
(
24πL˜
R
+
768Gπ2α
L˜R
)δα(−2R2)Vol(S2)
∫ √R2−ǫ2
0
r2
(R2 − r2)2dr − δSEE = 0
(76)
With the expression of entanglement entropy for Quasi-Topological gravity,
we find
(
24πL˜
R
+
768Gπ2α
L˜R
)δα(−2R2) SEE
RL˜3
4G
(1− 6× 32πGα
L˜2
− 48× 64G2π2α2
L˜4
)
−δSEE = 0
(77)
Hence, the extended first law is
δ(α)SEE = Ψαδα (78)
where
Ψα = − 192Gπ(L˜
2 + 32Gπα)
(L˜4 − 192GπαL˜2 − 3072G2π2α2)SEE (79)
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5 Conclusion and outlook
In this paper, we derived the first law of entanglement for a ball-shaped re-
gion in the CFT whose holographic dual is Quasi-Topological gravity theory.
We found this relation mainly using the Iyer-Wald formalism. This result
suggests that Quasi-Topological gravity has well-defined properties for the
linearized gravitational perturbation. It will be interesting to use other prop-
erties of entanglement entropy to find more constraints on Quasi-Topological
gravity theory, for example the positivity of relative entropy [33]. We also
investigate the extended first law of entanglement in Quasi-Topological grav-
ity. Because there is no an analytic function of the cosmological constant Λ
for the general α2 and α3, we only discussed the case µ = −λ23 in which the
cosmological constant Λ has an exact form. Although we just consider the
AdS5 case, it is straightforward to obtain the similar result in AdSd+1.
Another interesting problem is developing the first law of entanglement
and its gravity dual for d=4 U(1) gauge theory, in which Maxwell theory
is conformal. To get the entanglement entropy of Maxwell theory, we need
to include the entanglement entropy of edge modes, which are the bound-
ary degrees of freedom localized on the entangling surface generated by the
gauge redundancy [34]. This result is equivalent to the statement that the
contact term in geometric entropy is the entanglement entropy of the edge
modes. Moreover, for d=4 Maxwell theory, Donnelly and Wall [34] find that
the inclusion of the edge modes resolves the discrepancy between conformal
anomaly and entanglement entropy in the universal logarithmic term noticed
by [35]. One difficulty in formulating the first law of entanglement for d=4
U(1) gauge theory is what the boundary terms in the modular Hamiltonian
corresponding to the edge modes are. On the other hand, the authors of [36]
argue that the Ryu-Takayanagi entanglement entropy already includes an
edge mode contribution, see also [37, 38], so it is desirable to find the deep
connection between the entanglement entropy of edge modes and Iyer-Wald
formalism, we refer to [39, 40] for the related discussions.
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A the Noether charge for the cubic-curvature
interaction
The P µνρσ for the cubic-curvature interaction L(3) is
P µνρσ(3) = α3
{
3
4
(RνeσfRµe
ρ
f − RνeρfRµeσf − µ↔ ν)
+
1
56
(
21[2RµνρσR +
1
2
RabcdR
abcd(gµρgνσ − gµσgνρ)]
− 18[2(RµνρeRσe −RµνσeRρe +RρσµeRνe − RρσνeRµe)
+ (Rabc
νRabcσgµρ − RabcνRabcρgµσ − µ↔ ν)]
+ 60[(RµρRνσ −RµσRνρ) + (RνbσdRbdgµρ − RνbρdRbdgµσ − µ↔ ν)]
+ 108[gµρRσcRc
ν − gµσRρcRcν − µ↔ ν]
− 66[(gµρRνσR − gµσRνρR− µ↔ ν) +RabRab(gµρgνσ − gµσgνρ)]
+
45
2
R2(gµρgνσ − gµσgνρ)
)}
(80)
Evaluating the Noether charge Qξ associated with the Killing vector ξ by
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(80) we find
Q = α3εµν
{
−
{
3
4
(RνeσfRµe
ρ
f −RνeρfRµeσf − µ↔ ν)
+
1
56
(
21[2RµνρσR +
1
2
RabcdR
abcd(gµρgνσ − gµσgνρ)]
− 18[2(RµνρeRσe −RµνσeRρe +RρσµeRνe − RρσνeRµe)
+ (Rabc
νRabcσgµρ − RabcνRabcρgµσ − µ↔ ν)]
+ 60[(RµρRνσ −RµσRνρ) + (RνbσdRbdgµρ −RνbρdRbdgµσ − µ↔ ν)]
+ 108[gµρRσcRc
ν − gµσRρcRcν − µ↔ ν]
− 66[(gµρRνσR − gµσRνρR− µ↔ ν) +RabRab(gµρgνσ − gµσgνρ)]
+
45
2
R2(gµρgνσ − gµσgνρ)
)}
∇ρξσ
− 2ξρ
{
3
2
(2∇[νRe]fRµeρf +Rνeσf∇σRµeρf − µ↔ ν)
+
1
56
(
21[−4∇[µRν]ρR + 2Rµνρσ∇σR + (∇σRabcd)Rabcd(gµρgνσ − gµσgνρ)]
− 18[2(∇σRµνρeRσe + 1
2
Rµνρe∇eR− 2∇[µRν]eReρ −Rµνσe∇σRρe
− 2∇[µRe]ρRνe +Rρσµe∇σRνe + 2∇[νRe]ρRµe − Rρσνe∇σRµe)
+ (∇σRabcνRabcσgµρ − 2Rabcν∇[aRb]cgµρ −∇σRabcνRabcρgµσ − Rabcν∇σRabcρgµσ − µ↔ ν)]
+ 60[(∇σRµρRνσ + 1
2
Rµρ∇νR− µ↔ ν)
+ (2∇[νRb]dRbdgµρ +Rνbσd∇σRbdgµρ −∇µRνbρdRbd −Rνbρd∇µRbd − µ↔ ν)]
+ 108[
1
2
gµρ∇cRRcν + gµρRσc∇σRcν −∇µRρcRcν −Rρc∇µRcν − µ↔ ν]
− 66[(1
2
gµρ∇νRR + gµρRνσ∇σR −∇µRνρR− Rνρ∇µR− µ↔ ν)
+ 2∇σRabRab(gµρgνσ − gµσgνρ)]
+ 45∇σRR(gµρgνσ − gµσgνρ)
)
}}
(81)
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